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A quantitative understanding of the microscopic constraints which underlie a well relaxed glassy
structure is the key to developing a microscopic theory of structural evolution and plasticity for
the amorphous solid. Here we demonstrate the applicability of one such theory of local bonding
constraints developed by D. R. Nelson [Phys. Rev. B 28, 5515 (1983)], for a model binary Lennard-
Jones glass structure that has undergone an isothermal annealing simulation spanning over 10 micro-
seconds of physical simulation time. By introducing a modified radical Voronoi tessellation which
removes some ambiguity in how nearest neighbour bonds are enumerated, it is found, that a large
proportion (> 95%) of local atomic environments follow the connectivity rules of the SU(2) topology
of Nelson’s work resulting in a dense network of disclination lines characterizing the defect bonds.
Furthermore, it is numerically shown that a low energy glass structure corresponds to a reduced
level of bond-length frustration and thus a minimally defected bond-defect network. It is then
demonstrated that such a defect network provides a framework in which to analyse thermally-
activated structural excitations, revealing those high-energy/low-density regions not following the
connectivity constraints are more likely to undergo structural rearrangement that often results in a
local relaxation that ends with the creation of new SU(2) local topology content.
I. INTRODUCTION
If the temperature of a glass forming metallic liquid
is lowered sufficiently fast below the melting point, the
nucleation and growth processes needed for crystalliza-
tion do not occur and the material enters the meta-stable
under-cooled liquid phase. Kauzmann, in his seminal
paper of 19481, asserted that as the temperature con-
tinues to drop, fluctuation processes rare to the equilib-
rium liquid become increasingly likely. These microscopic
fluctuations, broadly known as dynamical heterogeni-
ties2,3, have characteristic timescales and length-scales
which rapidly increase with decreasing temperature and
when these become larger than the relevant observational
timescales, the material falls out of the meta-equilibrium
of the under-cooled liquid and enters that of the bulk-
metallic glass1,4,5.
The materials science approach is to quantify the na-
ture of this glassy meta-equilibrium regime — its struc-
tural characteristics through its fluctuations and insta-
bilities, and ultimately their collective and macroscopic
response to stimuli such as an external heating and/or
loading protocols6–8. With no long-range order, under-
standing amorphous structure has to be based on quan-
tifying the atomic-scale constraints. Indeed, the con-
figurational entropies of a glass can be up to an order
of magnitude lower than its liquid phase at the melting
temperature resulting in a considerable reduction of the
accessible structural phase space5. The classification of
such constraints, and how they may be broken, can lead
to the notion of a structural defect hierarchy which in
turn could be the basis for a microscopic theory of the
amorphous solid.
Kauzmann goes on to assert that deep within the
under-cooled liquid those microscopic structural fluctua-
tions necessary for crystal nucleation, and those deemed
to be rare in the equilibrium liquid state, have compa-
rable time-scales, competing with each other to deter-
mine the meta-equilibrium structure of the under-cooled
liquid, and therefore that of the resulting glass struc-
ture. This suggests that the sought after atomic-scale
constraints of the glass feature aspects of local structural
motives compatible with local crystalline order9,10.
Insight into those structural fluctuations that are not
compatible with general crystalline order, and which are
rare in the liquid, can be gained by considering the min-
imum energy configuration of a quadruple of atoms6.
For a mono-atomic system this configuration results in
a regular tetrahedron. However, such regular tetrahedra
can not be packed in a volume filling way. The packing
of twelve distorted tetrahedrons around a single atom,
forms an icosahedron, and represents the minimally dis-
torted tetrahedral packing with the bond to the central
atom being shorter than that between its neighbours.
The common neighbours between the central atom and
one of its neighbours, number five, and represent a pack-
ing of five tetrahedra. This is referred to as a 5-fold
bond (Fig. 1a). Continuing a tetrahedral packing proto-
col, whilst maintaining the icosahedral point symmetry
soon results in distorted tetrahedra and strong internal
strain, that can be alleviated by breaking the icosahedral
point symmetry and introducing “defects” in the form of
4-fold and 6-fold bonds — an idea proposed by Frank and
Kasper11 where generally an n-fold bond is represented
by the packing of n distorted tetrahedra around the bond
axis (Fig. 1a). It is a majority of these 4-fold and 6-fold
bonds that lead to long range crystalline order, resulting
in these bonds being referred to as “crystal-like” bonds,
whereas the 5-fold bond is referred to as the “liquid-like”
bond (which, in fact, is rare in the equilibrium liquid).
Relative to the Z12 coordinated local structure of the
icosahedral environment, Frank and Kasper11 identified
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2these bonds as higher coordinated environments involv-
ing two, three, four additional 6-fold bonds whose coordi-
nations are respectively 13, 14 and 15, whereas Bernal12
identified lower coordinated environments as involving 2,
3 and 4-fold bonds whose coordinations are respectively
Z11, Z10 and Z9.
The discussed structural motives are all relevant for the
amorphous structure, as evidenced by the success of the
glass structural models of Miracle and co-workers13–16,
and the use of icosahedral content and the polytope vari-
ants pioneered by Ma and co-workers17–19. The work
of Miracle demonstrates that structural insight into bi-
nary and ternary metallic glasses can be gained through
an analysis of dense local packings of solute atoms
which take into account the coordination of the neigh-
bouring atoms13, whilst the work of Ma demonstrates
the central importance of local icoshadral environments
as a structural measure of relaxation and rejuvenation
in bulk metallic glasses. Indeed, Jo´nsson and Ander-
sen20 had showed somewhat earlier, that as the glass-
transition temperature regime is entered and passed, a
local icosahedral ordering rapidly percolates throught out
the model Lennard Jones amorphous solid. Together,
these and many subsequent works introduce the notion
of medium range order, through the connectivity of how
such local structural units may be packed.
Atomistic simulation of well relaxed model binary al-
loys has given some insight into the nature of such
medium range order. The work of Zemp et al21,22 has
demonstrated for a model CuZu glass, that high tempera-
ture annealing simulations spanning up to 800 nsec result
in atomic environments whose icosahedrally coordinated
atoms form local bond networks identified as fragments
of the C15 Laves phase — a crystal structure belonging
to the class of close-packed topological alloy structures
which are dominated by 4-fold and 6-fold bonds. This
has also been observed using the Wahnstro¨m23 Lennard
Jones potential9,24 — a potential that is known to nucle-
ate Laves crystals at high enough temperatures25.
The notion of 4-fold and 6-fold bonds being defected
bonds was put on a firm theoretical founding by Nel-
son26,27. Central to this approach was the focus on the
geometrical frustration associated with the inability to
simultaneously minimize the energy of all bonds in three
spatial dimensions6. Here, the 5-fold bond and its pack-
ing of five distorted tetraherons represents a locally min-
imally frustrated structure at the individual bond-length
scale, whereas the icosahedral environment of twelve 5-
fold bonds represents the minimally frustrated structure
of the nearest neighbour environment length-scale. In-
spired by homotopy theory28, Nelson demonstrated that
4-fold and 6-bold bond defects at this latter length scale
are restricted to a subset of nearest neighbour environ-
ments — see Sec. II A. The connectivity of these re-
stricted local topologies could then represent a robust
mathematical representation of the amorphous structure,
defining the glassy structure in terms of microscopic con-
straints that the local atomic environments must satisfy
in which any low energy microscopic realization would be
described by a network of n(6= 5)-fold bond defect lines
— the so-called 4- and 5-fold disclination line defects.
By performing molecular dynamics on a 500 atom
model Mg3Ca7 system, Qi and Wang
29 found several
realizations of the local topologies predicted by Nelson,
confirming that such local structural motives do exist.
Because of their rarity, presumably due to the glassy
structures being relatively unrelaxed, an extended con-
nected array of disclination line defects was not demon-
strated. It is the goal of the present work to demonstrate
that a well-known model binary glass system, when well
relaxed, does indeed exhibit such a network of disclina-
tions involving almost all parts of the amorphous struc-
ture.
The paper is organised as follows. In Sec. II the rel-
evant aspects of Nelson’s work is introduced leading to
a mathematical theory of local constraints based on an
SU(2) algebra, the atomistic model binary glass simula-
tions are described to which the SU(2) algebra is applied,
and a modified radical Voronoi tessellation is developed
that is better able to define the local nearest neighbour
geometry necessary to define the n-fold bond defect struc-
ture of the produced microscopic samples. The results
section, Sec. III, details the isothermal atomistic simu-
lations which involve approximately 14 billion molecular
dynamics iterations (∼ 14 micro-seconds of physical sim-
ulation time) facilitating significant structural relaxation
(Sec. III A), the application of the SU(2) algebra to these
glassy structures (Secs. III B and III C), and how this de-
scription correlates with traditional atomistic structural
descriptors such as local atomic volume (free volume),
local energy, local stress, frustration, and spatial struc-
tural correlation. These latter aspects provide strong nu-
merical evidence that a minimally SU(2) defected glassy
structure does indeed correspond to a structure with a
reduced bond frustration. Sec. IV discusses how the
present work relates to the efficient packing glass struc-
ture model of Miracle and co-workers13–16 and how the
SU(2) framework allows for an entirely new aspect to
studying thermally-activated localized structural excita-
tions and how they can lead to structural relaxation with
the creation of minimally defected content.
II. THEORETICAL AND SIMULATION
METHODOLOGY
A. The SU(2) algebra of local structure
Nelson begins with the flat defect-free 2D triangular
lattice whose atoms are Z’5 coordinated. The Z’ termi-
nology refers to nearest neighbour coordinations in 2D.
The associated Z’4 and Z’6 local coordination defect en-
vironments are topological (referred to as disclinations)
and maybe associated with the homotopy group arising
from the translational and rotational symmetry of the
liquid phase in two dimensions, and the discrete lattice
3FIG. 1. a) Four (green), five (blue) and six (red) fold bonds, defined by the number of common neighbours or the number of
tetrahedra that may be packed around the bond. b) Yellow shaded icosahedron whose five-fold rotation symmetry axis are
labeled from i = 1 to 12. To each such axis corresponds the operator, U˜±i , which creates a 4-fold (+) or a 6-fold (−) bond
defect. c) Examples of allowed bond defects where green/red defect bonds represent 4-fold/6-fold bonds. Here the upper panels
represent examples of Frank-Kasper polyhedra11 and the lower panels examples of Nelson polyhedra26,27.
symmetry of the solid 2D triangular phase. This 2D pic-
ture is then applied to the surface of a 3-sphere where the
discrete lattice symmetry is replaced with the discrete
symmetries of the icosahedron — the curved and finite
2D triangular lattice analogue. The defect free atomic
structure would represent the environment of the Z12
coordinated icosahedron structure of an atom within a
3D glass, and the Z’4 and Z’6 defects are now the 4-fold
and 6-fold bonds referred to earlier. See Fig. 1.
In what follows only the 5-fold symmetry of the icosa-
hedron are considered, and in particular the conjugacy
classes associated with ±72 rotations around the 6+6
4five-fold axes (See Sec. IIC in Ref.27) which may be iden-
tified as the fundamental disclinations of the icosahedron
solid. The corresponding group elements of these defect
types forms an SU(2) algebra, defined by the matrices:
U˜±i = exp
(
1
2
iω±ni.σ˜
)
, (1)
where ni are the twelve 5-fold rotation axes of the icosa-
hedron (see Fig. 1b), ω+ = 72◦ and ω− = −72◦ refer to
the so-called disclinations associated with, respectively,
the 4- and 6-fold bonds, and σ is the 3-vector of Pauli
matrices. The allowed n-fold bond structure of a par-
ticular atom is then defined by products of the U˜±i giv-
ing the identity matrix. For example the Frank-Kasper
Z14 polyhedron11, could be given by U˜−1 U˜
−
2 = I˜, the
Frank-Kasper Z15 polyhedron by U˜−1 U˜
−
5 U˜
−
11 = I˜, and
the Frank-Kasper Z16 polyhedron by U˜−1 U˜
−
8 U˜
−
9 U˜
−
12 = I˜
matrix product. The Bernal-hole bond order structures12
are given by similar products, but in terms of the U+i .
Ref.27 also introduces the so-called vacancy (free-volume
defect) in which one 6-fold bond is created and two 4-
bonds are created, as well as interstitial (negative free-
volume defect) in which one 4-fold bond and two 6-fold
bonds are created at a site. These polyhedra will be re-
ferred to as Z11 and Z13 Nelson polyhedra. Algebraically
these take the respective forms of U˜−1 U˜
+
5 U˜
−
12 = I˜ and
U˜+1 U˜
+
6 U˜
−
9 = I˜. The Frank-Kasper and Nelson polyhe-
dra are visualized in terms of the geometry entailed by
eqn. 1 in Fig. 1c. There are many more allowed defected
bond order structures, some of which will be studied in
more detail in what follows.
The implication for connectivity of defected bond-
order network satisfying this algebra throughout the
amorphous structure is clear. A network of disclination
lines whose inter-connectivity satisfies the local need for
the product of the correspond matrices to give the iden-
tity operator. As pointed out by Nelson, an immediate
consequence is that a 4-fold or 6-fold bond, disclination
line, cannot terminate at a site that is otherwise defect
free since obviously, U˜±i 6= I˜.
B. Model binary glass sample preparation
For the present work, the model binary Lennard-Jones
potential of Wahnstro¨m23 is used. This potential is able
to capture the essential structural physics of bulk bi-
nary metallic glasses such as that of CuZr6,17,19,30. The
Lennard-Jones potential has the following form:
Vab(r) = 4ε
((
r
σab
)12
−
(
r
σab
)6)
(2)
where σ22 = 5/6σ11 and σ12 = σ21 = 11/12σ11. Type 1
atoms are considered as the larger atom type. The atomic
masses of the two atom types are arbitrarily chosen such
that m1/m2 = 2. For a molecular dynamics iteration,
a time step of 0:002778σ11
√
m1/ε is used. The distance
unit is taken as σ = σ11 and the energy unit as ε, with
stresses in the units of ε/σ3. Absolute temperature is
expressed as an energy kBT with kB = 8.617×10−5ε. For
this work, the potential is truncated to a distance 2.5σ.
All molecular dynamics (MD) simulations are performed
using the LAMMPS software platform31 and atomistic
visualization is performed using OVITO32.
Presently, a 32000 atom 50:50 chemical concentration
of small to large atoms is considered, which is the poten-
tial’s eutectic composition. Periodic boundary conditions
are used. Sample preparation is similar to that used in
past work and involves the following steps within a fixed
volume ensemble: a) a well-equilibriated high tempera-
ture liquid is prepared at a volume per atom equal to
1.3078 σ3 and temperature equal to kBT = 1.7324ε; b)
this configuration is quenched to an intermediate high
temperature of kBT = 0.8617ε until all thermodynamic
quantities fluctuate around their mean values; c) after
which the temperature is decreased to a value close to
zero at the rate kBT = 0.8617
−6ε per MD step; d) the fic-
tive glass transition temperature is then defined (TNV Tf )
as the intersection of the low temperature (amorphous
solid) and high temperature (under-cooled liquid) linear
temperature dependencies of the internal energy and is
equal to kBT
NV T
f ≈ 0.55ε; e) fixed volume iso-thermal
simulations are then performed for approximately 14 bil-
lion MD steps, starting from the configuration at a tem-
perature closest to 0.95TNV Tf (obtained from the initial
linear quench). When ε is taken as 1 electron Volt, σ as
one Angstrom and the atomic masses typically as that of
a metallic atom, one MD iteration corresponds to approx-
imately a femto-second and therefore one billion MD it-
erations corresponds to approximately one micro-second.
Past work9,33–36 has used such NVT samples to allow
for a simplified structural analysis as a function of the de-
gree of relaxation which does not involve a global volume
relaxation. Global stress relaxation does however occur,
in which the initial positive global pressure switches to
a negative global pressure indicating that samples would
contract under fixed zero pressure conditions37. Subse-
quent work has found that the same structural state can
be obtained using either NVT or NPT ensembles, or a
combination of both36.
C. Modification of Voronoi tesselation
To determine the population of bonds within a given
structure, a variant of the Voronoi tesselation38–40 is used
for systems with differently sized atoms. The radical
Voronoi tesselation41 (RV) gives the nearest neighbours
of each atom in a poly-dispersed system, which can be
then used to determine the common nearest neighbours
of two neighbouring atoms. It is assumed that such a
radical Voronoi tessellation takes into account all relevant
atom type dependencies. This is a working assumption.
From this, the n-fold nature of each bond is determined
5FIG. 2. The standard Voronoi tessellation can produce near-
est neighbour bonds for which three common neigbours are
themselves neighbours. Upon tetrahedral tessellation along
such identified bonds, three strongly distorted tetrahedra are
generated. A more efficient tetrahedral tessellation can be
chosen by no longer identifying the original pair of atoms as a
nearest neighbour bond, resulting in a tetetrahedral tessella-
tion involving two less distorted tetrahedrons. The two left-
most panels represent the original Voronoi tessellation consist-
ing of three strongly distorted tetrahedra, whereas the right
most shows the resulting two tetrahedron tessellation.
via the number of common nearest neighbours the two
atoms, forming the bond, have. This approach is mo-
tivated by the common neighbour method of Honeycutt
and Anderson42. It is noted that the number of edges the
corresponding Voronoi face has, has also been used to de-
fine the n-fold bond nature. However, the obtained value
is generally not equal to the explicit common neighbour
approach, tending to overestimate the value of n due to
edge contributions of more distant (non-nearest neigh-
bour) atoms.
The above common neighbour approach to determin-
ing the n-fold nature of a bond also becomes problematic
for certain common neighbour structures. These local
atomic arrangements are characterized by three of the
common neighbours being themselves neighbours, and
whose triangular face intersects the line defined by the
bond. This leads to an ambiguity in the choice of n.
Should the remaining n − 3 common neighbours be ig-
nored and the bond relabeled as 3-fold, or should it be
considered as a strongly distorted n-fold bond, or should
the bond itself not be considered a nearest neighbour
bond? The latter approach is presently taken, and all
such bonds are removed from the list of identified nearest-
neighbours. This is further motivated by the observation
that a tetrahedral tessellation of such a three-fold bond
involves three strongly distorted tetrahedra, a configura-
tion which may be always replaced by two less distorted
tetrahedra (see Fig. 2). Such a modification changes the
populations of bond types, removing all 3-fold bonds and
many greater than 6-fold bonds, whilst increasing the 4-,
5- and 6-fold bond populations. This course of action is
also motivated by the observation that the 3-fold bond
originating from the homotopy analysis27 may be repre-
sented by products of four-fold and six-fold bonds.
Sec. III B will show that such a modification to the
Voronoi construction, referred to as the modified radical
Voronoi (modRV) tessellation, results in a glassy struc-
tural classification that is better able to satisfy the Euler
relation between the number of faces, edges and vertices
and therefore the n-fold bond connectivity described by
the SU(2) formalism of sec. II A.
III. RESULTS
A. Structural relaxation over a timescale of order
10 micro-seconds
All structural analysis is performed on atomic con-
figurations that have been quenched from their finite
temperature configurations using the conjugate gradient
method. This removes thermal potential energy and thus
atomic displacements arising from thermal motion, plac-
ing the configuration at a local potential energy minimum
— a so-called inherent state43,44.
Fig. 3a displays the average potential energy per atom
evolution during the high-temperature annealing simula-
tions, showing a gradual drop in energy indicating struc-
tural relaxation. The underlying atomic scale processes
which mediate this relaxation have been studied in detail
in Refs.9,37. These configurations are extremely relaxed
samples, with most published work considering glassy
structures arising from sub-micro-second annealing pro-
cedures. Using the modified radical Voronoi tessellation
outlined in Sec. II C the icosahedral content is determined
as a function of time and represented as a scatter plot
with respect to the average potential energy per atom in
Fig. 3b. The data shows a strongly linear relationship
compatible with other samples of past work9,37. Such
a relation has also been observed for material specific
embedded atom model binary potentials18, and is also
followed for structural relaxation occurring at tempera-
tures well below the glass transition regime, indicating
that it represents a quite general relaxation trajectory
that possibly ends with the formation of a nano-phase
structure of C15 laves crystallites within an amorphous
matrix consisting of primarily the larger atom9. Ref.9
found that such a linear relation with icosahedral con-
tent also extends to pressure for NVT simulations and
volume for NPT simulations demonstrating that the cre-
ation of icosahedral environments not only lowers the en-
ergy, but also increases the density of the structure. In-
deed, the overall pressure evolution over the 14 microsec-
ond isotherm switches sign at approximately 5 microsec-
onds leading to a structure that would contract when
using an NPT ensemble at fixed zero pressure.
B. Classification of local n-fold bond structure
For each atom, the notation (N4, N5, N6) is now used.
Here Nn is the number of n-fold bonds. The coordina-
tion Z is then given by the sum of the Nn. This notation
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FIG. 3. Iso-thermal glassy structural evolution during a time period of approximately 14 micro-seconds: a) plot average
potential energy per atom as a function of time, b) Scatter plot of cohesive energy per atom versus fractional icosahedral
content, and evolution of c) 4-fold, 5-fold, 6-fold and “other” fractional bond populations, and d) mean bond order. In c) the
“other” bond population is ∼ 0.3%, and in d) the mean bond order for the Frank-Kasper phases.
should be distinguished from that used to describe a gen-
eral polytope associated with a (in our case, modified rad-
ical) Voronoi tessellation18,19. Here 〈n3, n4, n5, n6, · · · 〉
represents a polytope in which ni faces are constructed
from i edges, where the labeling 〈0, 0, 12, 0, · · · 〉 corre-
sponds to the icosahedron. The presently introduced no-
tation labels the icosahedron as (0, 12, 0). Atoms with
(0, 12, Z − 12) correspond to Z > 12-coordinated Frank-
Kasper polyhedra, whilst (2, 8, 0), (3, 6, 0), and (4, 4, 0)
correspond to the Z10, Z9 and Z8 Bernal holes. The Z13
and Z11 Nelson polyhedra correspond to (1, 10, 8) and
(2, 8, 1).
Fig. 3c plots the n-fold bond content evolution during
the annealing procedure. Plotted are the 4-, 5- and 6-fold
fractional bond populations. Those bonds with non 4-, 5-
and 6-fold character are grouped as “other”. This bond
population decreases with relaxation and is at typical
values of approximately 0.25% during the latter stages of
relaxation — it therefore cannot be seen on the vertical
linear scale of Fig. 3c. The population rises by an order of
magnitude when using the standard RV tessellation (this
is also the case when using the number of edges of the
common face to determine n). Fig. 3c demonstrates that
the number of defect free 5-fold bonds increases whereas
the number of 4-fold and 6-fold defected bond decreases
as the glassy structure relaxes. These trends are com-
patible with the observed increase in (0, 12, 0) content
seen in Fig. 3b, however the corresponding n-fold bond
populations change little, indicating that the creation of
such low energy and high density icosahedral environ-
ments is due to the removal/addition of just a few de-
fect/undefected bonds. Indeed, the n-fold bond popu-
lations linearly correlate with the icosahedral fractional
content, with the gradients equaling -0.26, 0.56 and -0.29
respectively for the 4-, 5- and 6-fold bonds. This indi-
cates that the structural transition associated with the
creation of icosahedral content involves (on average) the
creation of one 5-fold bond at the expense of a 4-fold
7and 6-fold defected bond. How this may occur will be
discussed in Sec. IV.
Fig. 4 now enumerates the population fractions of
those atomic environments completely defined by the
(N4, N5, N6) terminology, for the 0 micro-second, 5
micro-second and 10 micro-second anneal. Only non-zero
populations are shown, demonstrating that the horizon-
tal axes satisfies (N4, N5, N6) = (N4, 12−2N4, N6). This
originates from the definition Z = N4 +N5 +N6 and the
rule Z = 12 −N4 + N6. The Frank-Kasper, Bernal-hole
and Nelson polyhedra all satisfy this latter rule, as well
as all polyhedra satisfying the SU(2) algebra and orig-
inates from the assertion that non-12 coordinated local
environments also apply to the SU(2) algebra in which
the creation of a 6-fold bond adds an atom to the lo-
cal environment, and a 4-fold bond removes an atom
from the local environment27. There exists an excep-
tion to the above rule. The topology (1, 10, 1) satisfies
(N4, N5, N6) = (N4, 12− 2N4, N6) but is not allowed by
the SU(2) algebra of Sec. II A since (say) U˜−1 U˜
+
2 6= I˜,
which indicates that it is not possible to terminate a sin-
gle 4-fold and a single 6-fold defect line at an atomic
environment containing no other defect lines.
Those local environments that could not be classified
in terms of a bond topology are grouped into the “other”
classification. For our least relaxed sample, this is ap-
proximately 10% of the atomic environments, reducing
to approximately 5% for the more relaxed samples. Thus
a very large percentage of local atomic environments sat-
isfy the aforementioned bonding topologies.
Fig. 4 reveals that with increasing relaxation, not only
do the (0, 12, 0) icosahedral environments, but also the
Frank-Kasper environments increase in number. The
Nelson environments involving a single 4-fold bond de-
crease in number for one and two 6-fold bonds, and in-
crease for three and four 6-fold bonds. All other Nelson
environments generally decrease in number. Those en-
vironments that do not fit into the SU(2) connectivity
picture also decrease in number as the structure becomes
more relaxed. Thus generally, a more relaxed structure
entails a reduced number of local environments in which
many defect bonds connect.
It has to be emphasized that the rule (N4, N5, N6) =
(N4, 12 − 2N4, N6) is a realization of the Euler theorem
relating the number of faces (bonds) to the number of
edges (sum of bond order over bonds) to the number of
vertices of the associated modRV polyhedra. This may
be revealed through the average number of edges per face
via the average bond order defined as:
q =
∑
nNn × n∑
nNn
(3)
where Nn is the total number of n-fold bonds within a
given sample. Fig. 3d plots its time evolution during
structural relaxation demonstrating its reduction with
time, towards the value associated with the Frank-Kasper
crystal phases. Via Euler’s theorem this number can be
measured q Z (Eqn. 4) measured Z
0 µsec (RV) 5.200 15.005 13.872
5 µsec (RV) 5.181 14.653 13.720
10 µsec (RV) 5.175 14.553 13.762
0 µsec (modRV) 5.122 13.665 13.644
5 µsec (modRV) 5.118 13.601 13.470
10 µsec (modRV) 5.116 13.585 13.546
TABLE I. Calculated values of the average number of edges
per bond (n-fold bond value) and the average coordination
for samples sample1 and sample2, using the radical Voronoi
tessellation and the modified radical Voronoi tessellation in-
troduced in Sec. II C.
related to the average coordination via
Z =
12
6− q , (4)
indicating that coordination correspondingly reduces
with relaxation. Table I displays the measured value of
q and the corresponding prediction for the mean coor-
dination using the above equation. Also shown is the
measured mean coordination derived from the number of
faces of each atom’s Voronoi polyhedron. Data is shown
for both the standard RV and modRV, revealing that the
modified RV tessellation results in very good agreement
with the predictions of Euler. It is noted that when the
number of edges of the common face is used to determine
the bond order, the Euler relation (Eqn. 4) is followed,
with q. This emphasizes the modification ensures the
correct polyehedra connectivity for the common neigh-
bour definition of bond order. Moreover the use of the
modified Voronoi tesselation results in q values closer to
that of the Frank-Kasper phases.
C. Application of SU(2) algebra
Whilst the results of the previous section strongly sup-
port the notion that the SU(2) bonding rules are largely
satisfied in our model binary glass, a quantitative geo-
metric evaluation is still lacking. Fig. 1 demonstrates
that not only do their exist rules associated with the
(N4, N5, N6) = (N4, 12 − 2N4, N6) classification, there
exist relative orinetations between the defect bonds. To
quantitatively determine to what extent these very spe-
cific n-fold bond geometries follow the predictions of the
SU(2) algebra (eqn. 1 and Fig. 1), the local environment
of each (N4, 12− 2N4, N6) is now investigated in detail.
For each atom, the following procedure is performed:
1. The N4 +N6 defect bond vectors are identified and
normalized.
2. An icosahedron is centred on the central atom and
orientated to optimize the alignment of its six five-
fold symmetry axes with these bond directions.
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FIG. 4. Histogram of local defected bond structures classed as those satisfying (N4, N5, N6) = (N4, 12 − 2N4, N6) for the 0,
5 and 10 micro-second anneal. Local environments which do not satisfy this are classed as “other” and will generally involve
non-zero values of N7.
3. Those icosahedron axes closest to the N4 + N6
bonds are identified with the appropriate U˜±i op-
erator.
4. Products of theseN4+N6 operators which are equal
to the identity operator are found to establish that
the SU(2) description is obeyed.
The above procedure identifies the SU(2) bond geometry
which needs to be minimally distorted to achieve the ac-
tual local atomic structure. Application of the procedure
to our glass configuration confirms that all (N4, N5, N6)
topologies identified in Sec. III B do indeed follow the
geometry associated with the SU(2) algebra of Sec. II A.
Fig. 5 visualizes some of the more common non-5-fold
(defected) bonds for a number of these polyhedra ob-
tained from our most relaxed structure. In the figure,
the actual bonds (normalized in length) are visualized
as green (4-fold) and red (6-fold) tubes, where as the
corresponding 5-fold symmetry axes of the rotated icosa-
hedron are visualized as similarly coloured normalized
vectors. In general, correspondence is excellent for the
well known bond geometries. It is emphasized that the
SU(2) description (the precise angular bond geometry
associated with the 5-fold symmetry axes of the icosa-
hedron) is unable do describe local atomic distortions
arising from the interaction between atoms of different
type — a certain degree of distortion is thus expected.
Both the choice of the orientation (Step 2) and the as-
signment of operators to the bonds (step 3) minimize this
distortion by minimizing the angular difference between
the atomic bond vectors and the 5-fold symmetry axes
of the icosahedron. The presence of such distortion is
best demonstrated for the case of the (0, 12, 4) Frank-
Kasper defected bond geometry (upper right hand panel
of Fig. 5) where the four 6-fold bonds arising from the
atomic structure exhibit an approximate tetrahedral ge-
ometry, a configuration that the 5-fold symmetry axes of
the icosahedron cannot describe. To quantify the pres-
ence of this distortion, the average distortion defined by
the angle between the defect bond obtained from simula-
tion and the relevant 5-fold symmetry axis of the appro-
priately orientated icosahedron is calculated. Since the
minimal angle between 5-fold symmetry axes is approx-
imately 60 degrees, the data shows that the distortion
is small where, for environments with 1-3 defect bonds
the average distortion is between 5 and 10 degrees. This
increases with the number of defect bonds, saturating at
appoximately 15 degrees for greater than 5 defect bonds.
The results of the present section therefore establish
that atomistic simulations produce a model binary amor-
phous structure which generally follows the connectivity
rules as well as the spatial geometry entailed by the SU(2)
algebra formalism of Sec. II A. In what follows, their re-
lationship to common local structural indicators such as
free-volume, energy, stress, and frustration will be inves-
tigated.
D. Structural features of SU(2) bond environments
and their medium range connectivity
1. Free volume
Free volume content is a glassy material parameter
that can be used to characterize the degree to which an
amorphous structure is relaxed, and also how it might re-
spond to an external load. Early theoretical work by Co-
hen and Turnbull45 and Spaepen46 viewed free volume as
well-localized vacancy-type defects, whereas subsequent
work views it as a “diffuse” de-localized quantity under-
lying variations in local atomic density47,48. Structures
with lower free volume (higher densities) tend to be more
9FIG. 5. Common local defected bond environments derived from the atomistic simulation of a model binary glass. In each
panel, the green and red tubes represent the 4-fold and 6-fold atomic bond vectors, whereas the similarly coloured arrows
represent the bond vectors associated with to the SU(2) algebra description of Nelson26,27. The upper most row show examples
of the Z10 Bernal hole, and the Z14-Z16 Frank-Kasper coordinated polyhedra, whereas the second row show examples of the
Z11, Z13-Z15 Nelson coordinated polyhedra. The remaining panels show other commonly occurring defected bond geometries
associated with the SU(2) algebra.
relaxed. In what follows, a local free volume measure is
loosely defined as a deviation of local atomic volume from
a reference volume that is presently not defined. In other
words, a reduction in local atomic volume would corre-
spond to a decrease in free volume. To assign a volume
to a particular atom is somewhat arbitrary, and usually
involves either a Voronoi or radical Voronoi tesselation
— or in the present work a modified radical Voronoi tes-
selation.
Structurally, regions with high icosahedral content
generally contain decreased free volume content. This
correlation turns out to be linear suggesting the reduction
of free volume and the creation of icosahedral content are
one and the same thing36. Whilst free volume does not
strongly correlate with the spatial occurrence of stress
driven athermal structural instabilities (STZ)49, regions
of reduced free volume tend to exhibit reduced activity
involving the thermal activation of localized structural
excitations36,37.
Fig. 6 plots the average atomic volume for the relevant
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FIG. 6. Plot of average a) atomic volume, b) local pressure, c) local energy and d) average number of nearest neighbours of
the same atomic type, for the local defected bond structures considered in Fig. 4. Data is shown for the two different atom
types using the modified radical Voronoi. For a), the atomic volume data, the standard radical Voronoi tessellation is also
used. The lines in each panel indicate the average values for each atom type. In all figures, the error bars are derived from the
standard deviation of the scatter. Data is derived from 10 microsecond isotherm configuration. In d), the top x-axis displays
the coordination.
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bond typologies, using both the standard radical Voronoi
and modified radical Voronoi tessellations. The classifi-
cation of the defected bond environments is done via the
latter tessellation. Fig. 6a demonstrates that the result-
ing average volumes obtained from the modified tessella-
tion lower the atomic volume of the smaller atoms and
increase the volume of the larger atom, when compared
to the standard tessellation. However, the overall average
volume per atom remains the same due to volume conser-
vation, being equal to the total volume of the simulation
cell divided by the total number of atoms. Inspection of
the figure reveals the well known result that the (0, 12, 0)
topology, the icosahedrally coordinated environment, has
the overall lowest volume for each atom type36, being well
below the global average. The figure also reveals that for
each class of bond topologies (distinguished by the num-
ber of 4-fold bonds) it is the topology with the lowest
number of 6-fold bonds that has the lowest average vol-
ume. As the number of 6-fold bonds increases, so does
the volume per atom, starting at values below the global
average and ending at values above the global average.
Fig. 6b now plots the local atomic pressure (divided
by a representative bulk modulus B — see Ref.50), show-
ing that regions with reduced volume (high density) are
on average under a negative (tensile) pressure, whereas
those with enhanced volume (low density regions) are on
average under a positive (compressive) pressure. Thus
their exists a strong spatial correlation between regions
containing low numbers of defect bonds, and regions un-
der tensile pressure which correspond to regions of higher
than average density and therefore low free-volume con-
tent.
2. Local atomic energy
The work of Ref.9 found that increased icosahedral
content also corresponds to a reduction in the average co-
hesive energy per atom. From the results of the previous
section, one might therefore conclude that spatial regions
containing a low bond defect density would also corre-
spond to regions of low cohesive energy. Fig. 6c shows the
average energy per topology class for both atom types.
Whilst this conclusion is certainly true of the (0, 12, 0)
environment for the smaller atoms, it is not the case for
the larger atoms, where in fact (0, 12, 0) environment for
the larger atom has one of the highest energies — a result
compatible with the observation that the icosahedral con-
tent almost exclusively involves the smaller atom. The
conclusion is also valid for the Frank-Kasper topologies
for both atom types, where in general the local energy
is less than the global average. Indeed, for both atom
types, the lowest energy structure is not the bond-defect
free topology (0, 12, 0) but rather the Frank-Kasper Z16
coordinated topology of (0, 12, 4). This observation most
probably drives the nucleation of the Laves phase seen
at higher temperatures25 and the asymptotic nano-phase
structure proposed in Ref.9.
For the Nelson topologies, the trend is somewhat more
complex. For both atom types, and for a given 4-fold
bond number, the energy is highest for the topology con-
taining one 6-fold bond and decreases with the addition
of more 6-fold bonds until a minimum is reached be-
yond which the energy again increases. For the smaller
atom, those local environments containing one 4-fold de-
fect bond, the local cohesive energies are lower than the
global average otherwise (for both atom types) it is those
Nelson topologies with several 6-fold bonds that are close
to or below the global average cohesive energy value.
The understanding of these trends is difficult because
the average atom-type of the nearest neighbour popula-
tion varies greatly between different realizations of actual
atomic environments. Despite the scatter, the average
trends are statistically meaningful. Fig. 6d displays the
average number of neighboring atoms of the same type,
for both atom types. This figure also plots (on the up-
per x-axis) the corresponding coordination. The data
shows that for the larger atoms, the average population
of nearest neighbour large atoms remains approximately
constant for all topologies, with the greatest variation
occurring within the Frank-Kasper class. For the Nelson
topologies, the number of large nearest neighbour atoms
remains approximately at eight as the number of 6-fold
bonds (coordination) increases. Thus on average, for the
larger atoms, adding a 6-fold bond entails an increase
in coordination due to the addition of a smaller atom.
This trend also appears for the smaller atoms, whose
number of small nearest neighbour atoms rises with the
addition of a 6-fold bond, with the number of large near-
est neighbour atoms staying at approximately eight. For
the smaller atom this trend changes at large 6-fold bond
numbers, with the addition of a 6-fold bond now corre-
sponding to an additional larger nearest neighbour atom.
In Sec. IV, these trends will be discussed in terms of the
glass structural models of Miracle and co-workers13–16.
Finally, because of the variation of atom type in the
nearest neighbour shell, it is not an easy task to conclude
via the cohesive energy of an atom, that a low energy
glassy structure corresponds to a low density of bond
defects. To establish this expected correlation, cohesive
energy must be viewed in terms of frustration and the
energy that it entails.
3. Frustration
Structural frustration involves the inability for bonds
to mutually achieve a minimum energy (at the equilib-
rium bond length). Fig. 7 plots the radial dependence
of the Wahnstro¨m Lennard-Jones (Eqn. 2) for the three
considered interactions. Inspection of the curves reveals
the fundamental feature of the Wahnstro¨m parameteri-
zation — that the equilibrium energy between atoms of
type a and b, which occurs at the radial distance 21/6σab,
is equal to −ε and thus independent of atom type — the
energy of the unfrustrated bond is independent of atom
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FIG. 7. Wahnstro¨m parameterization parameterization of
the Lennard-Jones interaction between atoms of type 1-1, 2-
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employed range of the potential, 2.5σ.
size.
Deviation from the distance 21/6σab is a direct mea-
sure of the geometrical frustration. Defining the frustra-
tion as the fractional deviation away from the equilibrium
distance:
fab(r) =
r − 21/6σab
21/6σab
, (5)
the Wahlstrom Lennard Jones interaction becomes
V (f(r)) = ε
1− 2 (1 + fab(r))6
(1 + fab(r))
12 (6)
where r is the actual bond length. Thus the energy in-
crease due to the defined geometrical frustration measure
is also independent of atom type.
Using Eqn. 5, the average geometrical frustration of
like and un-like atoms may be calculated for both atom
types, as a function of defect bond topology. These aver-
age geometrical frustration values may then be inserted
into Eqn. 6 to calculate the corresponding energy of frus-
tration. Figs. 8a-b do this and directly show that for
both atom types, those local topologies with a minimum
number of bond defects generally have the lowest energy
of frustration. Where this is sometimes not the case, is
in the regime when the number of 4-fold bonds is greater
than or equal to the number of 6-fold bonds (for exam-
ple the (2, 8, 1) for the larger atom and the (3, 6, 0) for
the smaller atoms). Because of their low coordination,
such environments are however quite rare (. 0.2% of the
identified topologies).
Figs. 8a-b establish numerically, that a glassy struc-
ture with a reduced bond-defect content does indeed cor-
respond to a minimally frustrated low energy structure.
To connect this data to the local cohesive energy averages
shown in Fig. 6c, an estimate of the total energy using the
frustration energy entailed in Figs. 8a-b and the average
nearest neighbour occupancies of Fig. 6d can be made.
This is shown in Fig. 8c, which is qualitatively similar to
that of the actual local cohesive energy averages calcu-
lated using the entire range of the Lennard-Jones inter-
action (Fig. 6c). Indeed, detailed comparison indicates
that the effect of more distant interactions is mainly char-
acterized by a global energy offset, suggesting that these
contribute to the energetics in mean-field-like way.
4. Spatial structure
The pair distribution function (PDF) gives some in-
sight into the short and medium range atomic structure
of a glass, and is indirectly accessible via x-ray diffraction.
It is generally characterized by a strong peak at distances
comparable to the nearest neighbour separation between
atom, showing that like that of the liquid, the glass has
strong short range order. At longer distances comparable
to the second nearest neighbour distances, a very broad
peak is seen which (for well relaxed glasses) has some
structure indicating medium range order (MRO). Such
MRO is difficult to see in atomistic simulation due to the
short time-scales simulated, however the present micro-
second scale simulation do result in a sufficiently relaxed
amorphous structure to reveal this MRO signature9.
Fig. 9a plots the PDF for the 10 µsec sample, in-
dicating the usual strong SRO peak at approximately
a bond length (∼ σ) and a more distant MRO struc-
ture in the second peak. Inspection of the partial PDFs
due to icosahedral ((0, 12, 0)), Frank-Kasper ((0, 12, 2),
(0, 12, 3), etc.) and Nelson ((1, 10, 2), (1, 10, 3), ...) en-
vironments are also shown, and indicate the origin of
the MRO seen in the total PDF. Indeed, the MRO can
be largely understood in terms of the icosahedral and
Frank-Kasper PDFs, which both have a very clear peak
structure that arises directly from the SU(2) angular re-
lations of the 6-fold bonds and which is similar to that of
the C15 Laves polyhedra structure. For the icosahedral
environments it is mainly the smaller atom type which
is involved (∼ 95%), whereas for the Frank-Kasper en-
vironment it is the larger atom (∼ 95%). On the other
hand the Nelson environments follow more closely the
total PDF, with approximately equal concentrations of
small and large atoms, suggesting their distribution is
more random. As the glassy structure becomes more re-
laxed, an increased fine structure becomes apparent that
extends well beyond the second nearest neighbour regime
and is largely due to more distant correlations between
the icosahedral and Frank-Kasper environments.
These trends are also reflected in the icosahedral,
Frank-Kasper and Nelson angular distribution functions
shown in Fig. 9b, for which the icosahedral and Frank-
Kasper curves show distinct peaks. The peaked regions
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FIG. 8. Plot of average a) like and b) unlike energy of frustration (Eqn. 6), using the average geometrical frustration (Eqn. 5)
of each topology environment. c) Shows the corresponding estimates of the local cohesive energy derived from the data of a)
and b), and Fig. 6d. Data is derived from 10 microsecond isotherm configuration.
of the correlation functions are at angular values which
are again close to the geometries predicted by the SU(2)
relations and that seen in the C15 Laves structure, and
again the Nelson environments follow the angular dis-
tribution function arising from the average of all atomic
environments. The degree of structural relaxation is best
reflected in the peak at approximately 120 degree, which
correspondingly increases. This angle reflects the increas-
ing presence of (0, 12, 3) and (0, 12, 4) environments, as
seen in the populations of Fig. 4.
As in past work, this demonstrates that the MRO of
this model glass is characterized by fragments of bond
networks whose geometry is similar to the polyhedral
backbone of the C15 Laves structure. It is noted that
the structure of the C15 Laves crystal is characterized
by an extended array of 6-fold defect bonds mediated
by a connected network of Frank-Kasper (0, 12, 4) local
geometries. This is interpenetrated by a network of de-
fect free bonds. For the case of our glass, fragments
of this type will require a population of (0, 12, 2) and
(0, 12, 3) local geometries to accommodate the disorder.
Indeed, the present work demonstrates this to originate
from two distinct contributions, that of 5-fold bond frag-
ments underlying the icosahedral defect free structures
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FIG. 9. a) Pair and b) bond angle distribution of sample
2 after 10 µsecs of isothermal annealing, showing the total
distribution arising from all atoms, and corresponding partial
distributions arising from atoms in icosahedral, Frank-Kasper
and Nelson environments. In both figures, each distribution
has its first peak height normalised.
and that of 6-fold bonds underlying Frank-Kasper defect
lines characterized by the (0, 12, 2), (0, 12, 3), (0, 12, 4),
... local topological environments. Bond connectivity be-
tween these two networks is via 4-fold bond defect lines
whose termination is described by the Nelson polyhedra
and the rules of the SU(2) algebra. This later environ-
ment appears more random due to the large configura-
tional possibilities of the 5-fold and 6-fold fragments of
the C15 structure. These observations are entirely com-
patible with population histograms shown in Fig. 4 and
demonstrate the more general picture given by the SU(2)
formalism.
To quantify the extent of spatial correlation of both
the defect free and defected environments a spatial cor-
relation function that is sensitive to deviations away from
a global 5-fold icosahedral symmetry is required. Follow-
ing Refs.27,51,52 this may be achieved through defining
for each bond:
Q6m(r) = Y6m(θ(r), φ(r)), (7)
where r is the location of the mid-way point of the bond,
and θ(r) and φ(r) are its polar and azimuthal orientation
with respect to an (arbitrary) global coordinate system.
Y lm(θ, φ) is the l = 6,m = −l, · · · , l spherical harmonic
(see table II of Ref.27). The corresponding rotationally
invariant icosahedral correlation function is
G(∆r) =
4pi
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6∑
m=−6
〈Q6m(r)Q6m(r+ ∆r)〉 , (8)
where 〈· · · 〉 represents an average over the glassy micro-
structure. This correlation function measures the aver-
age degree of orientational icosahedral alignment between
two bonds separated by a distance ∆r. Due to a global
structural isotropy, G(|∆r|) is only considered.
Fig. 10 plots the obtained correlation functions for the
0, 5 and 10 microsecond configurations using four dif-
ferent bond groupings: a) all bonds, b) 5-fold bonds
involved in (0, 12, 0) atomic environments, c) all other
remaining 5-fold bonds, and d) all defected 4-fold and
6-fold bonds. For the latter two cases, bonds that be-
long to atomic environments not identified by the SU(2)
formalism are omitted. Doing so, results in somewhat
sharper features for the correlation functions. Fig. 10
demonstrates all correlation functions feature three dis-
tinct peaks at approximately 0.5σ, 0.8σ and σ. These
correspond to bond separations within the environment
of a single atom assuming an icosahedral geometry which
will be the case of the (0, 12, 0) environment and also
that of the 4-fold and 6-fold bonds identified through
the SU(2) analysis. The correlation of 5-fold bonds be-
tween (0, 12, 0) environments (Fig. 10b) exhibits a strong
correlation up to distance of two atomic bond lengths
(≈ 2σ). As the structure becomes more relaxed, a fine
structure emerges at separations between σ and 3σ which
is mainly due to second nearest neighbour correlations
between (0, 12, 0) environments (Fig. 10b) and also the
4-fold and 6-fold defect bonds (Fig. 10d). Such correla-
tions, albeit reduced, also exist at further distances up
to approximately 4-5σ. It is noted that when sample size
statistics as a function of |∆r| have been corrected for,
no long-range asymptotic form such as ∼ exp(−r/ξ) was
observed. Thus the exponential envelope observed in the
work of Steinhardt et al51,52 where ξ was observed to be
3-5 particle diameters (for a mono-atomic LJ model) was
not observed.
The extended spatial structure of these three region
types is visualized in Fig. 11 for the 10 microsecond sam-
ple in which the 4-, 5-, and 6-fold bonds are coloured
according to the usual green, blue and red convention of
Figs. 1 and 5. Fig. 11 reveals a connectivity involving
system spanning 4-fold, 5-fold and 6-fold bond clusters
forming an extended network of disclination lines. For
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FIG. 10. Plot of the orientational correlation function (Eqn. 8) derived from the four bond groupings: a) all bonds, b) 5-fold
bonds involved in (0, 12, 0) atomic environments, c) the other remaining 5-fold bonds, and d) defected 4-fold and 6-fold bonds
for the 0, 5 and 10 microsecond relaxation isotherms.
the case of the 5-fold and 6-fold cluster, almost all bonds
belong to their respective super-cluster, whereas for the
4-fold bonds, there exists one system spanning cluster
and several hundred smaller clusters of up to 100 4-fold
bonds. This results in all atoms being connected by the
5-fold bond super-cluster, and approximately 75% of the
atoms being connected by 6-fold bonds (all of the larger
atoms and 50% of the smaller atoms). Close inspection
of the disclination network reveals that the 4-fold and
6-fold bonds exhibits connected fragments of the Laves
C15 backbone polyhedra — the Frank-Kasper topologies
of (0, 12, 2), (0, 12, 3), (0, 12, 4). For the 6-fold bonds,
this is shown in the inset which visualizes a smaller por-
tion of the system without the defect free 5-fold bonds.
The inset reveals a mixture of Frank-Kasper and Nelson
topologies and presents a realization of the defect struc-
ture of the amorphous solid.
Fig. 11 should be compared to the schematic originally
proposed by Nelson26,27,53, which shows a defect network
with a considerably lower line-defect density. In this
schematic, so-called isolated bubble structures are shown
consisting of two nearby (1, 12, 2) topologies. Since both
of these have a coordination of Z=13, and therefore share
an extra atom, such a “bubble” defect was referred to as
an intersitial defect. A similar structure involving nearby
(2, 8, 1) topologies was referred to as a vacancy defect.
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FIG. 11. a) Visualization of all bonds of sample2, coloured
according to their n-fold value (4-green,5-blue,6-red, with or-
ange indicating other n values). Inset displays a region show-
ing only defected bonds — the 4-fold and 6-fold disclination
line network.
Such isolated structures, which should involve at least 4
atoms, where not observed in the atomic configurations
of the current work. The (1, 12, 2) tended more to be at
the boundary of between regions of defects and defect-
free regions.
IV. DISCUSSION
In 1952, Frank asked the question30 “In how many
different ways can one put twelve billiard balls in simul-
taneous contact with one, counting as different the ar-
rangements which cannot be transformed into each other
with out breaking contact with the centre ball?”. The
answer is three, the two close-packed configurations of
the face-centered cubic and hexagonal structures, and
the icosahedron structure. For soft inter-atomic poten-
tial systems, this hard-sphere constraint entails a non-
negligible barrier energy separates the three configura-
tions, if the allowed transformation trajectories are con-
strained to a certain distance from the central atom. Re-
laxing this constraint by allowing the particles to move
away from the central atom, can reduce this barrier en-
ergy. If these thirteen atoms are not alone, such as in a
densely packed structure of a glass, this structural tra-
jectory becomes limited, allowing one to conclude that
generally the three configurations of Frank are separated
by non-negligible energy barriers. A similar rational ex-
ists for the SU(2) defect structures of Nelson — energy
barriers must be crossed for there to be a re-organisation
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FIG. 12. Plot of average average number of nearest neigh-
bours of the different atomic type, for the local defected bond
structures considered in Fig. 4. Data is a replot of Fig. 6d
of the nearest-neighbour shell defect structure. More-
over, since this latter aspect involves topological defects
within the structural degrees of freedom of the nearest
neighbour shell, the corresponding barrier energies are
expected to be large. It is from this perspective that
one must view the present formalism as a low-energy de-
scription of nearest neighbour structure with the obvious
caveat that it is an approximate theory.
The original discussion by Frank, and indeed that of
Nelson, explicitly considered similar sized atoms and the
present work suggests it may be extended to atoms of
different size, specifically for atomic radii ratios of about
Rsmall/Rlarge = 5/6 ≈ 0.83. How might the present re-
sults vary across wider ranges of atomic size differences?
Insight into this question can be found in the work of
Miracle and co-workers13 who considered the efficient
packing of the first nearest neighbour shell of differently
sized atoms. In particular they considered the most ef-
ficient packing of solvent atoms around a central solute
atom as a function Rsolute/Rsolvent and found that de-
pending on the value of this ratio, a particular choice of
“surface” coordination was needed to better understand
the experimental trends. They considered the regimes
of n = 3, 4, 5, 6 and higher surface coordinations, the
latter three of which would correspond to the strain free
efficient packing of only 4-, 5- and 6-fold bonds. For the
n = 3, 4 and 5 surface coordinations these were viewed
as tetrahedral, octahedral and icosahedral arrangements
of solvent atoms around a solute atom. The work found
that specific values of Rsolute/Rsolvent would entail these
quite different geometrical arrangements corresponding
to respectively 0.225, 0.414 and 0.904. For radii ratios
between these values, a less efficient but geometrically
similar packing was envisaged.
To relate the present work to the findings of Ref.13,
Fig. 12 replots the data of Fig. 6d in terms of the num-
ber of un-like atoms in the nearest neighbour shell. For
the Nelson polyhedra, both the smaller and larger atoms
have an approximately constant average number of larger
atom nearest neighbours, with the average number of
smaller nearest neighbour atoms increasing with the ad-
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dition of a 6-fold defect bond. When considering this
trend from the smaller atom environment (that is, view-
ing the smaller atom as the solvent atom), the average
number of large atoms is approximately eight with the
upper error bar range reaching between nine and ten
nearest neighbours. These numbers are close to, but be-
low the maximum packing efficiency for a surface coordi-
nation regime of 4, predicted by Miracle and co-workers13
which is approximately 10.5 for our atomic radii ratio of
Rsmall/Rlarge = 5/6 ≈ 0.83. Such a ratio does does not
allow for a packing of the icosahedral structure with only
largest atoms in the nearest neighbour shell — a result
compatible with the observation that the (0, 12, 0) envi-
ronments on average have equal populations of small and
large nearest neighbor atoms. Within each class of Nel-
son topologies, (0, 10, .), (2, 8, .) and (3, 6, .), the mean
bond order starts respectively with values of 5.1, 4.8 and
4.6 and then for all three classes rises to a value of approx-
imately 5.3 as the 6-fold bond defect number increases to
its maximum observed value. Whilst the scatter is large,
the larger atom is least likely to have a 6-fold coordina-
tion, with a comparable chance of being either having a
4- or 5-fold coordination. This trend is compatible with
the surface coordination of 4 predicted by Ref.13. Gen-
erally, a 6-fold bond is more likely to involve a smaller
atom for both central atom types, a somewhat intuitive
result since it should be easier to pack atoms around a
bond containing smaller atoms.
The above results demonstrate a compatibility with
the glass structural model of Ref.13 and suggest that
changing the values ofRsmall/Rlarge will change the popu-
lations of 4-, 5- and 6-fold bonds, and thus the icosahedral
population within the binary glass structure. Moreover
in the extreme limit of this ratio becoming very small or
very large, the present description (in terms of the five-
fold symmetry of the icosahedron) might break down due
to the presence of 3-fold and 7-fold bonds. Such regimes
of radii ratios are however not common experimentally.
The work of Ref.13 has been extended to overlapping
nearest neighbour shells, producing the so-called efficient
cluster packing model of glass structure and a theory of
MRO14–16. It is an interesting prospect that the present
SU(2) theory of bond-defects might facilitate a more pre-
cise realization of such packing models.
When one considers several neigbouring nearest neigh-
bour environments, in terms of start and end configu-
rations, the admitted structural transformation among
them (which may or may not involve a change in coor-
dination) should ultimately follow the local SU(2) con-
nectivity rules. However it is not given that the corre-
sponding energy barriers between such configurations be
large. Indeed they may be arbitrarily small. For exam-
ple small displacements resulting in an atom (or atoms)
changing which atoms constitute its neighbours, can re-
sult in a change in the local topology of the nearby atoms
without necessarily passing through a large energy bar-
rier. To investigate this aspect atomistic configurations
at different times are investigated.
Fig. 13a visualizes an example of thermally activated
structural change occurring between two configuration
separated in time by 10 pico-seconds at the 14 microsec-
ond timescale of the isotherm anneal. The left-most panel
plots the corresponding atomic displacement vectors of,
and colours them according to their magnitude. Red in-
dicates the largest displacements, which is are compara-
ble to a bond length, and represent localized structural
excitations (LSEs)33,34,37. On the other hand, the shorter
blue displacement vectors indicate the smallest scale of
displacement and generally correspond to the surround-
ing accommodating strain which accompanies the LSE.
LSE structure generally involves bond-length scale dis-
placements involving a few atoms, in which neighbouring
atoms replace each others position forming a string/loop
like displacement structure. The center and right most
panels of Fig. 13a now show only the change in the n-fold
bond structure. Here, only atoms whose local topology
has changed are displayed. The bond structure (at the
start and end) connecting these atoms is also displayed.
A broad inspection of the spatial structure shows strong
overlap with the identified LSEs of the left panel — an
obvious result reflecting the strong change in the local
bonding environment due to the displacements associ-
ated with the LSEs.
In regions away from the LSEs, where there only ex-
ist small displacement fields due to the accommodating
strain fields of the LSEs, changes in the local bond-
ing topology are largely absent. In these parts of the
structure, there do however exist localized and isolated
changes in the bonding topology. Figs. 13b and c, display
a zoom-in of some common examples of such changes.
Here the upper and lower panel of b) and c) show the
configurations at the start and end of the 10 pico-second
interval. In b), which displays a planar structure, a 4-
fold bond has switched between two different pairs of
atoms with no other change in bond structure between
the displayed atoms. On the other hand, c) which dis-
plays a sextet of atoms associated with a 4-fold bond
indicates a switching of this 4-fold bond between two dif-
ferent atom pairs. In this case, the switching results in
a different bonding structure between the surrounding
common-neighbour atoms.
Given that the above examples occur in regions experi-
encing minor non-affine displacements, due to strain, one
might simply attribute such fluctuations as a result of the
choice of the criterion of what constitutes a nearest neigh-
bour bond. This is a generic problem of metallic systems
due to the de-localized nature of the atomic bonding, rel-
egating the choice of atom size and bonding connectivity
to a non-unique choice of local geometry such as in the
Voronoi and radical-Voronoi tessellations. Alternatively,
this ambiguity does reflect a type of degeneracy in the
topology which also corresponds to an obvious approxi-
mate degeneracy in energy when applying Eqns. 5 and 6
to each identified bond (as was done in Figs. 8).
In regions where LSEs occur there exist strong changes
in the nearest neighbour structure and therefore in the n-
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FIG. 13. a) Visualization of atomic displacement field occurring between two configuration separated by 10 nano-seconds.
Displacement vectors are colour red for displacement magnitudes comparable to the typical bond length and blue for displace-
ment magnitudes associated with non-affine strain. A number of localized structural excitations are circled, in which neighbour
atoms successively displace.
fold bonding structure. Fig. 13d gives one example of this
where the LSE is characterized by three atoms linearly
displacing (indicated by the yellow arrows). Surrounding
this LSE is a displacement field that reduces in magni-
tude as the distance from the central LSE increases (not
shown). The left and right panels in d) show the non-
5-fold structure associated with the nearest neighbours
of the three-atom LSE, at the start and end of the 10
pico-second interval. The local structure of the lower
atom contains non 4- and 6-fold bonds, and therefore is
in an environment not straight-forwardly characterized
by the SU(2) topology of Sec. II A. On the other hand,
the central atom transits from a Nelson (2, 8, 5) topology
to a Frank-Kasper (0, 12, 3) topology, whereas the upper
atom whose initial 4- and 6-fold environment could not
be uniquely identified has transited to the Nelson (2, 8, 2)
topology. Thus the LSE has resulted in a reduction of the
local defect structure and the creation of a Frank-Kasper
6-fold structure.
More generally, the above analysis suggests a topolog-
ical reason for the observed string-like geometry of the
LSEs (which are also seen within the dynamical het-
erogeneities of the under-cooled liquid54–58), in which
successive atoms replace the approximate position of
a neighbour — any change in the local disclination
structure must be to some extent non-local and one-
dimensional-like, since it will involve a reorganization of
line-defects that at each site must satisfy the SU(2) local
topology.
The above is an example of a more general trend in
which certain local geometries are more likely to facilitate
LSEs. Indeed analysis of many configurations separated
by 10 pico-seconds show that the topologies (0, 12, 6),
(1, 10, 7), (2, 8, 8), (3, 6, 0), (3, 6, 2), (3, 6, 9) and “other”
are mainly involved in LSE activity. With the exception
of (3, 6, 0) and (3, 6, 2), these topologies correspond to
regions of larger volume, which is compatible with the
observation of thermally activated LSEs are more likely
to occur in regions of increased free-volume9,36. The
topologies of (3, 6, 0) and (3, 6, 2) correspond to under-
coordinated environments, and from Fig. 4 are rare. The
above result demonstrates that when they do exist, the
are likely to transform into other local topologies via the
thermal activation of an LSE. Finally, since thermally
activated LSE activity mediates structural relaxation, it
also mediates the creation of increasing (0, 12, 0) con-
tent. The most likely initial local topologies where this
transformation occurs are the (1, 10, 2), (2, 8, 2), (2, 8, 4),
(3, 6, 4) and “other” environments. When one determines
the actual number of 4- and 6-fold bonds involved in
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the observed transformation to the (0, 12, 0) topology, a
roughly equal number of 4- and 6-fold bonds contribute,
which reflects the n-fold bond population gradients with
respect to an increase in icosahedral content investigated
in Sec. III B. Fig. 6a reveals these to have relatively
low local volumes (reduced free volume content), indi-
cating that such transformations are less likely to occur.
Thus as the system relaxes, and the bond defect network
evolves to a less frustrated configuration, the density of
free-volume reduces, and LSEs leading to the creation
of icosahedral content become less frequent resulting in
slowing down of the relaxation process (as seen in Fig. 3).
Identifying local disclination defect structures or local
regions not following the SU(2) topology rules, as regions
which are more likely to undergo structural change due
to thermal-activation offers the tantalizing prospect of
predicting which parts of the glassy structure are likely
to mediate thermally activated relaxation and plasticity.
It has already been established that quasi-localized
low-frequency vibrational modes of model glasses have
a high oscillator strength in regions that are less-likely to
contain icosahedral (0, 12, 0) and Frank-Kasper (0, 12, 4)
topologies, and are more likely to exist in regions of so-
called geometrically unfavoured motives (GUMs)18 which
generally involve the Nelson SU(2) topologies. Earlier
work demonstrated that such vibrational “soft spots”
where found to correlate strongly with regions exhibit-
ing negative local Kelvin shear moduli which where hy-
pothesized to more likely undergo structural rearrange-
ment upon loading50. This was confirmed in the work
of Ma and co-workers18 which found that the GUMs
had a propensity to mediate plasticity under high strain
rate shear loading. Later work by Falk and co-workers49
which exhaustively investigated what local features of the
structure mediated stress-driven localized shear trans-
formations, found little correlation with the traditional
local structural indicators such as potential energy, den-
sity, the degree of short range order and local Voigt shear
moduli. Whilst confirming the work of Ref.18, they found
the strongest correlation with a local yield shear stress
measure which involved shearing only cluster of atoms
extracted from their simulated glassy samples.
Refs.18,49 focus on predicting stress driven localized
shear transformations and should be distinguished from
the thermally-activated LSEs shown in Fig. 13, which
under a fixed applied strain geometry also mediate ther-
mally activated shear stress relaxation35. Indeed, it
might be that predicting the location of a region suscep-
tible to a shear stress driven instability and one prone
to thermal-activation are quite different problems. The
present work offers one way to study certainly the latter
dynamics where the nature of the disclination network
(or lack of it) forms a predictive tool to understand both
thermally-activated structural relaxation and plasticity.
V. CONCLUDING REMARKS
A quantitative understanding of the nature of the
structural constraints of a well-relaxed amorphous solid
could play just as an important role as that of the theory
of defects in a crystalline system. For the crystal, the
reference is the long-range order of the perfect lattice,
whereas for a glass the reference is most-likely a variety
of low energy structural motives obeying the aforemen-
tioned constraints. These very same constraints also de-
fine the nature of the local structural excitations that will
mediate glassy material evolution and its response to ex-
ternal stimuli as a load. The present work demonstrates
that the early work of Frank, Kasper, Bernel, Turnbull
and Chaudri culminating in the work of Nelson, whose
mathematically rigorous description of defects in the first
neighbour shell forms a consistent and possibly robust
(albeit approximate) theory of bond defects within the
amorphous solid. The present work finds that the vast
majority of well relaxed structure have local bonding
topologies that follow the prediction of the associated
SU(2) algebra developed in Ref.27, both in terms of n-
fold bond populations and also in terms of the predicted
orientational geometry of the bonds. This results in a
dense and extended line-defect structure of non 5-fold
bonds embedded in a system spanning network of icosa-
hedrally coordinated atomic environments. This defect
network is found to exhibit a spatial icosahedral orien-
tational correlation extending up to 3 to 4 bond-lengths.
Within this context the work has numerically demon-
strated that a less frustrated defect network (as defined
by deviations away from equilibrium bond-lengths) will
correspond to a less dense network of defect-lines and
therefore an increased icosahedral content and a more
relaxed glassy structure.
The revelation that most of our glassy structure does
indeed satisfy a set of local mathematically well-defined
constraints, which in turn result in an emergent longer
range correlation, suggests a certain level of correlated
disorder. As with point, line and planar defects in crys-
tals, the exploitation of such a disorder context, can lead
to detailed theories of structural evolution involving ag-
ing and rejuvenation, and ultimately that of a thermally
activated theory of plasticity. The study of atoms of dif-
ferent size ratios and how the addition of larger atoms
affects this description forms the natural next steps to
multi-compound alloy mixtures which form the industri-
ally relevant bulk metallic glasses.
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